The bounardy-value problem for the electrom agnetic fields E(r, t) = {Er (r, z, t),0, Ez(r, z, t)} and B(r, t) = {0, Bg(r, z, <),0} in an electrically conducting cylinder of radius r = a and infinite length (-oo ^ 2 ^ -f-oo) is treated , which are excited by a periodic ac-current I(t) = I0cosojt entering and leaving the cylinder through circumferential electrodes a t r = a and z = ± c. Solu tions for E(r, t) and B(r, t) are obtained in term s of Fourier integrals which are reduced to in finite series by means of the residue theorem. Graphical presentations of th e fields E(r, z, t) and B(r, z, t) versus 2 and r for tim es lot = 0 and nj2 are given which show th e relative am plitude and phase relations of the fields. An application of the results to medical physics is discussed con cerning the measurement of the electrical conductivity of th e tissue of limbs.
Introduction
In a classical investigation, Sommerfeld evaluated the electromagnetic field of an infinitely long wire carrying a periodic electric current [1 ] . We treat a similar, though more complex boundary-value prob lem for the electromagnetic field in a cylindrical conductor of infinite length X -oo, which is sup plied with a periodic current I (t) = Iq c o s cot through circumferential electrodes located on the surface r = a of the conductor at the axial positions z = ± c (Figure 1 ). For the case of electrodes of non-vanishing width, |z l z |> 0 , and quasi-infinite conductivity, the electric potential within the elec trode contact surface and the radial potential gra dient within the remaining surface of the conductor are given as boundary conditions. Mixed boundaryvalue problems of this type lead to dual integral equations which cannot, in general, be solved in closed form [2] . This is probably the reason why the fundamental electromagnetic boundary-value problem under consideration has not been solved in the literature.
Under the assumption th at the axial width Az of the electrodes is small compared with all charac teristic dimensions of the system, | Az | a < oo and | Az | <| L = oo, the injected current distributions at the electrode surfaces can be represent as Dirac functions. This approximation permits us to reduce the mixed boundary-value problem to a Dirichlet problem. It is remarkable th at the mixed boundary conditions for electrodes of nonvanishing width | Az | > 0 could be taken into account rigorously by means of a continuous superposition of Dirac func tions a t axial positions z within the electrode sur face. This approach would represent an alternative to the solution of mixed boundary-value problems based on distribution theory. This electromagnetic boundary-value problem arose in connection with the evaluation of the zeroorder response of a cylindrical model for a limb (a ^ 1 0 _1 mho m -1) subject to an ac-current via ring electrodes of frequency v = 1 0 5 sec-1 and inten sity Io = 10-3 amps. The resulting potential differ ence observed at the surface r = a of the limb allows determ ination of the impedance of the limb at the frequency v. The (weak) conductivity pulses caused by the pulsating blood flow give rise to a small perturbation of the electric potential from which the speed of the blood flow can be determined [3, 4] .
Boundary-Value Problem
In general, the electromagnetic fields E(r, I) and B (r, t) produced by a current density j(r,t) are determined by Maxwell's equations with displace ment current 8 = /uedE/dt (/u, e = magnetic and electrical permeability). The electromagnetic field propagates approximately with the speed of light uq = 1/jue ^ 3 X 108 m sec-1 along the conductor [1 ] . Accordingly, if the frequency co of the periodic current source is small compared to wo/A, A ~ max (a, c), the electromagnetic field can be assumed to adjust itself quasi-instantaneously to the relatively slow changes of j(r,t). In this situation, the theory <f quasi-stationary currents is applicable, i.e. Max well's equations without displacement current [5] :
where
is Ohm's law for an isotropic conductor of relaxa tion time rc co-1 in a frame of reference in which the conductor is at rest. For example, for 2~c=lm>a and co = 2 n X 105 sec-1 , the condition for neglecting the displacement cur rent is well satisfied, co X ~ 2 7i X 105 m sec-1 u q ^ 3 X 108 m sec-1 .
The system under consideration is a cylindrical conductor of radius a, length L = oo. and homoge neous conductivity a. An ac-current
is injected through the central segment 2 c of this conductor by means of ring electrodes a t r = a and z = ± c, which are assumed to be of vanishing width ( Figure 1 ). The injected current density entering the surface of the cylinder is, therefore, radial and given by
The electromagnetic field in the conductor is of the form B(r,t) = {0, B0(r,z,t), 0},
by Eqs. (2) - (3), and D is the diffusion coefficient of the electromagnetic field.
In accordance with Eqs. (1) - (8 ), the complex dimensionless version &(q,£,t) of the azimuthal magnetic field Be(r,z,t) is described by the com plex, parabolic boundary-value problem:
and R e 88(o, £, r) = Be(r,z,t)IB0, B0 = juIo^Tia.
E q u a t i o n (9) represents the diffusion equation for the magnetic field in the quasi-stationary approxi mation [5] . Equation (10) is the boundary condition corresponding to Equation (5) . Equation (11) is an improper boundary condition considering th a t the axial current density vanishes at infinity,
By Eqs. (2) - (3), the electric field components are obtained from the solution for 88 (q, £, r) as
Analytical Solution
The partial solutions of the boundary-value prob lem in Eqs. (9) - (11) 
d(t + c ) -d ( t -c )
(19) o Application of the inverse Hankel transform to Eq. (18) gives for the Fourier amplitudes
Combining of Eqs. (17) and (20) yields the general solution for the magnetic field in complex, dimensionles representation:
As will be shown, this solution satisfies also the improper boundary condition (11). By means of Eq. (16), one derives from Eq. (2 1 ) the complex, dimensionless solutions for the electric field: 
Comparison of Eqs. (24) and (26) with Eqs. (21) and (23) respectively indicates th a t poles have been generated a t a = 0 by replacing the trigometric functions by complex exponential functions. The path of integration for the integrals in Eqs. (24) and (26) has to be intended through a semi-circle C&o because of the pole at a = 0 (Fig. 2a) , whereas the closed contour for the integral in Eq. tegrals from the pole a t a = 0is -tu Res (a = 0) in the limit -> 0 , the negative sign being due to the negative sense of the semi-circle C&0. The inte gral along the semi-circle 0t<x, in Eq. (24) tends to zero in the limit 0too -> 0 by Jordan's lemma. The zeros of the modified Bessel function of order one in the denominator of Eqs. (24)-(26) produce poles in the upper half-plane at
where 
G,(C, r) = sgn2(c + C)
Finally, by taking the real parts of the Eqs. (31) to (33), we find the dimensionless, real electromagnetic fields inside the conductor,
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It is seen th a t the azim uthal magnetic field [Eq. (38)] is symmetrical with respect to the central plan £ = 0 , i.e., @{q, -C, r) = &{q, +C , t ) .
The radial electric field [Eq. (39)] is asymmetrical with respect to the central plane, i.e.,
Se(o, -£, r) = -£e{g, + £, t) .
The axial electric field [Eq. (40)] is symmetrical with respect to the plane £ = 0 , i.e.,
#t(Q, -C.t) = ^c(o, + £, r ) .
The electromagnetic field oscillates with the fre quency a) in time t, and any of the field components 3P(g, £, t) in Eqs. (38) - (40) has the period Ar = 2n, 
and for v -1 , 2 , . . . , oo:
Ay ' (1 + a,4) (pv2 + qv2)
where (1 + ay4) (pv2 + qv2)
The corresponding dimensional potential difference U (t) in volts is obtained in accordance with
The extrem a of Ü (r) occur a t the times r = x for which £7'(t) = 0. According to Eq. (48),
where Ü"(r) = -Ü{r) < 0 for the minima (> ) and maxima ( < ) , respectively. Equation (43) gives for the dimensionless rms voltage
I t is seen th a t the tissue conductivity a can be cal culated i) by means of Eqs. (48) and (56) [3, 4] . Evi dently, for separation distances 2 d which are of the same magnitude-of-order as the width of the voltage electrodes, these perturb each other considerably so th a t the idealized theory which assumes circum ferential electrodes of vanishing width is no longer applicable. Furtherm ore, for small distances 2d, the thigh resembles better a cylindrical conductor of radius a th an for large distances 2d when the thigh resembles more a conoid cylinder. The apparent dependence of a on d for fixed values of a, c, I q, and co shall be studied in more detail in an experi mental investigation.
Appendix to Eqs. (31) -(33)
Equation (31) is directly obtained by integration of Eq. (24) with the help of the Cauchy integral theorem for the path of integration in Fig. 2 a, since the integral along the semi-circle vanishes in the limit 0toQ -> oo. Since --0^/ 0£ and = £-1 0 (^^) /0b y Eq. (7), it is simpler to derive Eqs. (32) and (33) by partial differentiation of Eq. (31) than to in tegrate Eqs. (25) and (26). The ^-derivative of the sgn (c±C) functions in the first expression and the r-sum of Eq. (31) produce term s linear in the Dirac functions (5(£±c), which combine to the first ex pression of Equation (32). This is readily shown by means of the following theorem for Bessel functions.
In accordance with the Cauchy integral theorem, the closed integral in the complex plane a = u + i v of Fig. 2 
J l ( g e i3*l4)
2 ~ <xv(a.v2 -i) < /i(a " e ) or --------;--------------> ----------------J i ( ä e l3jt/4)
where are the roots of J i ( a ya) = 0, E qua tion (30). By means of Eq. (A5), Eq. (32) follows as explained above.
